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Abstract: The 0/1 knapsack (or knapsack without repetition) has a dynamic programming solution driven by a table in
which each item is consecutively considered. The problem can also be approached by generating a table in which the
optimal knapsack for each knapsack capacity is generated, modeled on the solution to the integer knapsack (knapsack
with repetition) found in Sedgewick [1] and the solution to change-making found in Ciubatii [2].

Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Complexity]: Nonnumerical
Algorithms and Problems---Computations on discrete structures; G.2.3 [Discrete Mathematics]: Applications

General Terms: Algorithms
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1. LITERATURE SOLUTION

While Corman and others [3] note that the 0/1 knapsack
can be solved through dynamic programming, they relegate
that solution to an exercise. Brassard and Bratley [4] and
Levitin [S] present a bottom-up table-driven dynamic
programming solution to the problem: build a table with
(nltems+1) rows and (capacity+1) columns. From item #1
(the zeroeth row is left as a sentinel row) on down, obtain
the values of knapsacks of the weights from 1 up to the
capacity using only items from item #1 down to the current
row. Once the table is completed, the solution can be
obtained by examining the table, starting from the
[nItems][capacity] cell. Levitin [5, p. 303] shows the
following table as Figure 8.13.

capacity j
J o 1 2 3 4 5
0O (0 0 0 O o0 O
wy=2,vy=12 1 0 0 12 12 12 12
w=1,v=10 2 |0 10 12 22 22 22
wz3=3,v3=20 3 |0 10 12 22 30 32
wy=2,v4=15 4 |0 10 15 25 30 37

See the referenced texts for the rules for filling the
table, and then for traversing the table to obtain the
contents of the optimal knapsack.

2. MODELS FOR AN ALTERNATIVE SOLUTION
Sedgewick [1] presents a recursive dynamic programming
solution to the integer knapsack problem (or knapsack with
repetition) using memoization or a "memory function".
The global vector maxKnown[]contains the value for the
knapsack with the weight represented by its subscript.
Generation of the knapsack is driven by the global vector
itemKnown[].  The recursive solution is started by
invoking the function for the capacity of the knapsack. In
the recursion, in the standard form for a memory function
solution, if the current cell of the global vector shows it as
not yet computed, it is filled through recursive calls for
lower subscripts. In this case, searching for the best item to
optimize the value for this knapsack capacity and then
using it. [There is a small bug, in that the function as
presented fails to find a solution if the available items
cannot completely fill the knapsack. Christopher Coleman,
an Eastern Washington University undergraduate student,
suggests supplementing the items with one of weight one
and value zero to insure a solution. ]

This recursive memory function implementation could
also be the basis of an iterative bottom-up implementation
simply by filling the vectors beginning at weight one and
working up to the knapsack capacity. This populates all
cells, while the memory function implementation only
populates cells required for the final solution.

Such a bottom-up implementation is suggested by the
solution to the change problem presented by the TopCoder
columnist Dumitru Ciubatii for the change-making




problem [2].
solution.

He presents the following pseudocode

Set Min[i] equal to Infinity for all of i
Min[0]1=0

For 1 =1 to S
For j = 0 to N - 1
If (Vs<=i AND Min[i-V5]+1<Min[i])
Then Min[i]=Min[i-Vj]+1

Output Min[S]

The merge of Sedgewick's algorithm and Ciubatii's
algorithm generates a solution for the integer knapsack
whose Java encoding follows (compressed for space):

static int knap(int ¢, int[] solution)
{ int i, space, m, t,

maxKnown[], itemKnown[];

itemKnown = new int [c+1];
maxKnown = new int [c+1];

// If Java didn’t fill with zeroes we’d need
// java.util.Arrays.fill (maxKnown, Q) ;

for (m = 1; m <= c; m++ )

for (i 1; 1 <= n; i++)
if ( (space = m-weight[i]) >= 0 )
{ t = maxKnown|[space] + profit[i];
// Dummy: wt 1, value 0
if ( t >= maxKnown[m] )
{ maxKnown [m] = t;
itemKnown[m] = 1i;
}
}
// State of solution[] is unknown, so

java.util.Arrays.fill (solution, 0);

for (m=c; m>0 ; m-=weight[itemKnown[m]] )
solution[itemKnown [m] ]++;

return maxKnown[c];

Unlike the bottom-up table-driven solution that
corresponds with the 0/1 Knapsack, this solution uses space
proportional just to the capacity, rather than the capacity
times the number of items.

3. APPLICATION TO THE 0/1 KNAPSACK

The solution for the 0/1 knapsack is represented not as a
vector containing the number of instances used for each
available item but as a boolean vector indicating whether or
not the available item was used. In trying to apply the
above approach to the 0/1 knapsack, the itemKnownl]
vector changes into a matrix of boolean solution vectors,
one for each knapsack capacity. The bottom row of the
resulting matrix is the solution vector for the problem.

To minimize the number of vector copies, however,
one can search through the items to find the optimal item
that maximizes the value. For each item k, first check it
against the row index: would using this item exceed the
capacity of the knapsack? If that is not the case, then check
to see whether the lighter knapsack to which we are
potentially adding this item is already using it. If not, we
can get the value of the combined knapsack and check it
against the best found so far.

if (bestVal[wt] < valuel[k]
+ bestVal[wt - weight[k]])
{ DbestK = k;
bestVal[wt] = valuel[k]
+ bestval[wt - weight[k]];
}

A significant issue, however, is the initial value for
each bestVal[wt]. As noted above, for a knapsack weight
that cannot be achieved with the items available, the
optimal knapsack will be the one whose weight is one less.
Then that solution vector would also be copied as the
current weight's solution vector. Andrew Cobb, an Eastern
Washington University graduate student, suggests that one
can also use bestVal[wt—1] as the initial bestVal[wt]. It is
possible that the knapsack achieved by forcing a given wt
might have less value than the [wt—1] knapsack. If, then,
the search for bestK fails (i.e., it is still 0), then the [wt—1]
solution vector can be copied as the [wt] solution.
Otherwise the [wt—weight[bestK]] vector provides the [wt]
vector provided one sets to boolean true the [bestK] bit.
The following Java code segment gives this logic, where
trial is the matrix of trial solution vectors.

for (wt = 1; wt <= maxWeight; wt++)
{ 1int bestK = 0, testWt;

// Initial guess: the knapsack for wt-1.
bestVal[wt] = bestVal[wt-1];
for (k = 1; k <= n; k++)
{ testWt = wt - weightl[k];
if (testWt >= 0 && ! trialltestWt][k])
if ( bestVal[wt] <
value[k]tbestVal[testWt] )
{ DbestK = k;
bestval[wt] = valuel[k]
+ bestVal[testWt];
}
}
if (bestkK > 0)
{ testWt = wt - weight[bestK];
System.arraycopy (trial[testWt], O,
triallwt], 0, n+1);
trial[wt] [bestK] = true;
}
else // Finish using the wt-1 solution
System.arraycopy (trial [wt-1], O,
trial[wt], 0, n+1);




Running this algorithm on the data represented by
Levitin's table above gives the following results.

Trial Solutions

ltem k
Item list wt|0 1 2 3 4 | bestVal

wi=2,vs=12 0 |0 0 0 O 01O
w=1,v,=10 1 0 01 0 0]10
w;=3,v3=20 2 |0 0 O O 1|15
ws=2,v4=15 3 |0 0 1 0 1|25

4 (0 0 1 1 0]30

510 1 1 0 1]37

While one could turn this into a memory-function
recursive implementation, the check for each wi—1 within
the wt solution would force the complete filling of the
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solution matrix anyway. In such a case, iteration is
preferable to recursion. Another advantage of the iterative
solution is that it directly generates the solution vector, so
that one does not need to traverse the grid to build the
solution vector.
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